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Notes on John Napier and the book

John Napier was born into a leading, prominent family of Scottish lairds (wealthy landowners). The family 
surname is seen in early documents as Napeir, Nepair, Nepeir, Neper, Napare, Naper, Naipper and the present-day 
Napier. Little is known about John Napier’s childhood and youth. He enrolled at St. Andrews University at the 
age of thirteen, but there is no record that he ever graduated. Napier later wrote that his fervent interest in theology 
was kindled at St. Andrews. It is probable that he left St. Andrews to study in Europe, and it must have been there 
that he acquired his knowledge of higher mathematics and his taste for classical literature.

In 1572, just about the time of his marriage, Napier received title to the family estates. When time permitted 
from the daily running of his estates, John Napier played an active role in the Scottish Protestant reform movement. 
What time he had left he used to study mathematics. He is best known today for his invention of logarithms, but 
in his own time he was best known for his religious commentaries.

Napier’s fi rst book on logarithms was one of the most infl uential mathematical books ever published. It 
introduced the world to the concept of logarithms and their use. By simplifying arduous calculation, that is, by 
reducing multiplication and division to addition and subtraction, logarithms became the fundamental principle 
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behind most of the methods of, and aides to, computation prior to the invention of the electronic computer. They 
also proved to be a fundamental component of many mathematical systems.  

After Napier had published the description (see Napier, John; Mirifi ci logarithmorum canonis descriptio, 
1614) and the table of his logarithms, his intention was to publish a book describing how they had been calculated. 
He died before he could complete the task, but his son Robert Napier completed and published it in 1619. Napier’s 
1614 publication is always referred to as the Descriptio, and the 1619 volume as the Constructio.

While the Descriptio was reprinted many times, the Constructio, lacking any tables of logarithms, was of 
interest only to mathematicians and table makers and thus had far less attention paid to it. The Descriptio was 
translated into other languages almost as soon as it appeared, while the Constructio had to wait until 1889 before 
an English version was produced (see Napier, John [William Rae Macdonald, translator]; The construction of the 
wonderful canon of logarithms…, 1889). The notes on individual pages presented here are based largely on the 
English translation by Macdonald.

A detailed description of Napier’s methods of calculating logarithms can be found in the paper: Carslaw, H. 
S., “The discovery of logarithms by Napier,” Mathematical Gazette, Vol. VIII, 1915-1916, pp. 76-84, 115-119.

This work was issued in a confusing manner. It contains a collective title page very similar to that of the 
Descriptio (but without any Descriptio text) followed by the title page of the Constructio.

Notes on the old forms of trigonometric functions

At the time of this publication, trigonometric values (chords, secants, sines, versed sines (cosines), tangents, 
half tangents and so on) were not usually defi ned as they are today (in which the functions, such as the sine, are 
ratios of the length of two sides of a triangle).

The above fi gure shows a circle and an angle (φ) marked off along the circumference. With respect to the 
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given radius, the various trigonometric functions were defi ned as the lengths of specifi c lines, for example:
• chord of φ was the length of the line BD,
• sine of φ was the length of the line BE,
• versed sine of φ was the length of the line DE,
• tangent of φ was the length of the line DC,
• half tangent of φ was the length of the line AF (the half tangent is really the tangent of half the angle), 

and
• secant of φ was the length of the line AC

General notes on the condition of older books

Books as old as this usually suffer from some problems just because of the wear they have been subjected 
to over the many years of their existence. One usually noticeable condition item is known as browning or foxing 
of the paper - usually brown or yellow areas due to the chemical action of a micro-organism on the paper. This 
can vary dramatically from page to page, often depending on such variables as the contents of the paper used, the 
composition of the ink used by the printer, and the dampness (or lack of) that the work has been exposed to over 
the years. Where these images were badly foxed, some slight manipulation of the intensity of the colors has been 
done to ease the reading of the foxed page. Any other notable condition problem will be commented upon near 
the image concerned.

Use of these notes and images

This fi le has been made available by the generosity of Erwin Tomash and the Tomash Library. It is free for 
use by any interested individual, providing that no commercial use is made of its contents and any non commercial 
use acknowledges the source. The notes and illustrations have been produced by Erwin Tomash and Michael R. 
Williams, both of whom beg forgiveness for any errors that they might have made.

© 2009 by Erwin Tomash and Michael R. Williams. All rights reserved.
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The front cover, spine and rear cover of this volume. The binding dates from the 18th century.
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This book was purchased for the Tomash Library from the fourth Sotheby’s sale of the Macclesfi eld library in 
November of 2004. The large bookplate denotes the Macclesfi eld South Library and their shelf mark 181. E. 33.

This paste-down endpaper also contains the label of the Tomash Library.
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This volume is a sammelband (the binding together of different works into one volume) of three works that are 
listed on the recto of the free endpaper. Only the work by Napier (Constructio) in included in this fi le.
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The verso of the free endpaper.
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While this title page appears to be that of the Descriptio, it is actually the collective title page mentioned in the 
introductory notes.
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The verso of the collected title page.
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The title page of this volume: Construction of the wonderful table of logarithms; and their relation to their natural 
numbers; with an appendix on the making of another and better type of logarithm. In addition to which are 
propositions for solving spherical triangles. Together with notes by Henry Briggs. By the author and inventor John 
Napier, Baron of Merchiston, etc. a Scot. Printed by Andrew Hart, Edinburgh, 1619.
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Robert Napier writes a preface. It reminds readers that his Father had published his book on logarithms several 
years earlier and, in it, he mentioned that he would write another explaining how they were calculated if the 
mathematicians thought them worthy of his efforts. Robert indicated that his father died before fi nishing this book 
and he has taken up the task of completing and publishing it. It seemed reasonable to add to Napier’s work an 
appendix explaining a new kind of logarithm that he had mentioned in the introduction to his book Rabdologiae 
(the logarithms that he and Briggs had agreed were better - those to base 10). He has also included an appendix by 
Henry Briggs that comments on the new logarithms and the rules Napier had set down for solving trigonometric 
problems in spherical triangles.
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Napier’s work consists of 59 propositions which describe everything from a logarithm table to its fi nal 
construction.

Proposition 1: A table of logarithms (Napier refers it as a table of “artifi cial numbers” as this was the term he fi rst 
used to describe them) is small, but with it one can do multiplication, division, and extraction of roots.
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Proposition 2: Progressions of numbers of are two types: arithmetic and geometric. Arithmetic progressions are 
ones with equal intervals between entries (e.g., 1, 2, 3... or 2, 4, 6,...) while geometric progressions are those with 
increasing or decreasing intervals (a constant being used as a multiplier) (e.g., 1,2,4,8,... or 243, 81, 27, 9, 3, 1).

Propositions 2 - 6: If you start with a big number as the radius of the defi ning circle, your table of sines will 
be more accurate than if you start with a smaller number. You can use decimal fractions to add more digits (#5 
describes decimal fractions which were then a quite new concept). After calculating the table you can remove any 
decimal fractional digits as the error made in so doing is negligible.
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Proposition 7: If a number is unknowable (e.g. a repeating decimal like the square root of 2) then you can assign 
a lower bound (l) and an upper bound (u) and perform the operations on these bounds rather than on the number 
itself.
Proposition 8: If doing an addition with two numbers (A and B) that have lower and upper bounds Al, Au, Bl, Bu, 
then the result will be between Al + Bl and Au + Bu.
Proposition 9: If multiplying two numbers with bounds, the result will be between Al × Bl and Au × Bu
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Proposition 10: Subtraction of two bounded numbers will yield a result between (assuming A < B) Bl - Au and 
Bu - Al.
Proposition 11: In division the bounds for A/B will be between Au/Bl and Al/Bu
Proposition 12: In  limits, the fractional parts of both the lower and upper limits may be removed if 1 is added to 
the upper limit.
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Proposition 13: The construction of an arithmetic series is easy, geometrical series are not always easy.
Proposition 14: To fi nd the tenth, hundredth, thousandth, etc. part of a number, simply remove the last 1, 2, 3, etc. 
digits.
Proposition 15: A half, twentieth, two-hundredth, etc. part of a number is easily found by removing as many least 
signifi cant digits are there are zeros in the divisor and then dividing the remaining number by 2.
Proposition 16: A table (the “fi rst table”) of 100 numbers begins with 10,000,000.0000000 and subsequent entries 
can be found by, at each stage, subtracting its 10,000,000 part (i.e., the fi rst entry is 10,000,000; second entry is 
that number minus 1 = 9,999,999; third entry is 9,999,999 minus 0.9999999 = 9999998.0000001, etc. as shown 
on the next page. The last of the 100 entries should be 9,999,900.0004950.
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Proposition 17: The second table is constructed much the same as the fi rst, except there are only 6 positions to the 
right of the decimal point in the starting number, there will be only 50 numbers in this table and the last number 
must be as close as possible to the last entry in the fi rst table. This can be done by subtracting the 100,000th part 
of each entry to obtain the next. The last line on this page says that the fi nal entry in the second table should 
be 9995001.222927 (this is incorrect - it should have been 9995001.224804 - see the Macdonald translation 
mentioned in the introductory notes for an extensive discussion of how this error propagated through all of 
Napier’s logarithm tables).
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Proposition 18: A third table is to be constructed of 69 columns. Each column contains 21 entries constructed 
much like those in the fi rst and second tables. The fi rst column begins with 10,000,000,000.00000 (i.e., 5 digits 
to the right of the decimal point) and subsequent numbers are found by subtracting the 2,000th of the previous 
entry as shown.

Once the last entry has been found it should be recorded but then (in subsequent steps) you may disregard any of 
the least signifi cant digits so that your calculations will be easier.
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Proposition 19: The fi rst and last entries in column 1 are 10,000,000 and 9,900,473 and the ratio between them 
is very close to the ratio of 100 to 99. Use this ratio (starting at the fi rst column) to fi ll in the fi rst entry of each 
column from 2 to 69, each entry being 0.01 less than the previous one.  Similarly, fi ll in the second entries of each 
column by making it 0.01 less than the entry in the previous column.
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Proposition 21: The third table now contains numbers from the initial radius of the circle defi ning the sines 
(10,000,000,000) to half that value. The numbers in the columns are interpolated in that range by the ratio 100 to 
99. Between each value at the head of the columns there are now 21 other values (down the column) in the ratio 
of 10,000 to 9,995. Similarly for the fi rst and second tables. These three table can be used to produce a table of 
logarithms.
Proposition 22: The third table contains numbers that decrease geometrically. Now the logarithms of these numbers 
must be added in arithmetically increasing sequence.
Proposition 23: This defi nes an arithmetic sequence (see proposition 2)
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Proposition 24: This defi nes a decreasing geometric sequence (see proposition 2)
Proposition 25: Defi nes a line (illustrated in Proposition 24) and a point moving from T to S with ever decreasing 
velocity. The velocity decreases in the ratio of the distance remaining to S to the whole distance of the line.
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Proposition 26: The line TS is the radius of the defi ning circle for the sine function, so T is assumed to be the 
whole sine (10,000,000,000) and S is assumed to be the sine of zero degrees (i.e., zero). TS has a point, d, moving 
down it with decreasing velocity (a decreasing geometric series) while the line bi has a point moving down it 
with constant velocity (and increasing arithmetic series). The logarithm of the sine dS is the number measuring 
the line bc.
Proposition 27: The logarithm of the whole sine is zero.
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Proposition 28: The logarithm of a sine will always be bounded by an upper and lower limit which can be 
determined by the geometry of these lines and points (see the translation by Macdonald for details).
Proposition 29 and 30: These explain, and give an example, of how to fi nd the limits between which any given 
logarithm must fall.
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Proposition 31: If the upper and lower limits of a logarithm are very close together, then either of these numbers 
(or a number between them) may be taken as the logarithm with very little effect on any resulting computation.
Proposition 32: In a table of logarithms, if the fi rst one in the table after the radius itself is known, then the others 
may be found from it simply because they will be part of a uniformly increasing arithmetic sequence. If the second 
logarithm in the table in x then the third will be 2x, the next 3x etc.
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Proposition 33: Napier shows that the limits on second logarithm in the table (for the sine 9,999,999) must be the 
numbers 1.0000000 and 1.0000001 (the true logarithm for this second sign must be between these two numbers). 
This means that the logarithm for the third sine (9,999,998.0000001) must be between 2.0000000 and 2.0000002, 
the logarithm for the fourth sine (9999997.0000003) must be between 3.0000000 and 3.0000003, etc.
Proposition 34: Because the logarithm of the radius is zero, the difference between the logarithms of any other 
sine and the logarithm of the radius must have the value of the logarithm of that sine (i.e., x - 0  =  x).
Proposition 35: As the sines get smaller the logarithms get bigger, thus for two sines A and B (A>B) 
if log(B) - log (A) = x then log(B) = log(A) + x and log(A) = log(B) - x. Note that this takes some thought for the 
modern reader as Napier’s logarithms were, in some ways, the reverse of modern base 10 logarithms.
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Proposition 36: If sines are in the same ratio (i.e., A/B and C/D are the same) then the logarithms of A and B and 
the logarithms of C and D are the same when subtracted.
Proposition 37: If three numbers (Napier says three sines which amounts to the same thing) A, B and C are in 
geometric progression, then it is known that B2=A*C and thus log(B)*2 = log(A)+log(C).
Napier, of course, did not use this modern notation but expressed the relationship in words, as was the custom at 
the time.  
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Proposition 38: If any four numbers A, B, C, and D are in some geometric progression, then B*C = A*D and thus 
log(B) + Log(C) = log(A)+Log(D).
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Propositions 39 and 40 show that the difference between the logarithms of two sines lies 
between a lower and upper limit and that these limits can be so close that their difference can 
be ignored, thus giving you the logarithm of the difference between two logarithms of sines. 
This is simply to say that if you know the logarithms of two sines (A and B), you can easily fi nd the logarithm of 
A/B.
Details of the exact process can be found in the English translation by Macdonald mentioned in the introductory 
notes.
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Proposition 41: This instructs the user that, should they want to fi nd a logarithm of a sine (or natural number) not 
in the tables, then they can use the process of the last few propositions to determine the value.
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Proposition 42: The logarithms not actually listed in the second table may, from methods demonstrated in 
proposition 41, be found.
Proposition 43 provides an example of the process.
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Propositions 44 and 45 show that logarithms for numbers not actually listed in the third table may be determined 
by following the processes similar to those for the earlier tables.
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Proposition 45 provides an example of the process described in proposition 44.
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Proposition 46: This indicates that all logarithms for the numbers in the third table may be found with suffi cient 
accuracy to not be a factor in any subsequent calculation.
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Proposition 47: Add the logarithms (artifi cial numbers) to the third table (he now terms this the radical table) and 
gives examples of what the fi rst, second and last column will contain.
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Proposition 48: Now that the radical table is fi nished we can take the logarithms of numbers (or sines) from it 
alone.
Proposition 49: To fi nd logarithms of sines greater than 9996700 simply subtract it from the radius because (by 
proposition 29) log(9996700) must be between 3300 and 3301 and thus we can take the lower limit (3300) as the 
required logarithm. The process works for all sines greater than this example.
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Propositions 51 to 52 are comments on the methods of interpolating between values in the third table.
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Napier constructs another table contain logarithms that can be used in the process described in Proposition 54.

Proposition 54: if a sine falls outside the limits of the radical table, then multiply it be 2, 4, 8, 10, 20 etc (the 
numbers from the fi rst and third columns of the table in the previous proposition) until it falls within the limits of 
the radical table numbers. Select the logarithm of the resulting number (or the nearest one to it) from the radical 
table and add the logarithm (columns 2 and 4) from the table.
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Propositions 55, 56 and 57 provide some trigonometric identities that can help simplify the calculations to fi nd a 
logarithm of certain sines.
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Proposition 58: Once the logarithms of sines greater than 45 degrees are know then the ones less than 45 degrees 
are easy to fi nd. Using proposition 57 it is possible to fi nd all the logarithms for sines down to 22 degrees 30 
minutes, and from these down to 11 degrees 15 minutes, etc.
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Proposition 59: Napier describes the layout of the tables in his Descriptio (see the fi le of that publication for an 
example).
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After fi nishing his 59 propositions, Napier points out that, because there are two different processes that could 
be used (propositions 54 and 58) to calculate a logarithm, they might differ slightly (which, in fact they do). 
He suggests that, if you start with a table of sines that are more accurate than his (he suggests using a radius of 
100,000,000,000 rather than his radius of 10,000,000,000) the problem will be eliminated.
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This appendix is the one in which Napier describes the base 10 logarithms that were developed by he and Henry 
Briggs. In this (base 10) system he proposes that the log(1) = 0 and log(10) = 10,000,000,000. Once again the 
English translation by Macdonald mentioned in the introductory notes should be consulted for the details of the 
creation of this new form of logarithms.
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In this section Henry Briggs adds notes about the base 10 logarithms. They are rather obscure points, but would 
have been useful in calculating a table of the base 10 logarithms.
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This section is devoted to problems involving spherical triangles. These were most often encountered in navigation 
and astronomy and proved a major stumbling block to many engaged in those professions. The method normally 
used for solving for the various sides and angles of a triangle drawn on a sphere was to subdivide the triangle with 
a line (such as AC above) which would create two triangles with at least one 90 degree angle. The various rules 
for the solution of these right angles spherical triangles were the ones usually used in solving problems. Napier 
presents a list of 12 formula for solving these problems without subdividing the spherical triangle. 
These formula were, as Napier notes, previously published in the Descriptio.
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Napier now adds a few more rules using half versed sines (essentially the cosine of half the angle - see the 
introductory notes on the defi nition of trigonometric functions).
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In this section Henry Briggs adds his remarks to the previous discussion of spherical triangles and related 
problems.
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